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$S_{f}(b, \omega)=\int_{-\infty}^{\infty}e^{-i\omega x}\overline{w(x-b)}f(x)dx$ , (1)
( ). (windowed
Fourier transform) $|S_{f}(b, \omega)|^{2}$ (spectrogram)
$\Vert w\Vert=1$
$K(b_{0}, b, \omega_{0}, \omega)=\int_{-\infty}^{\infty}w(t-b)\overline{w(t-b_{0})}e^{-i(\omega_{0}-\omega)t}dt$, (2)
$K(b_{0}, b, \omega_{0}, \omega)=e^{-i(\omega_{0}-\omega)(b+b_{0})/2}A_{w}(\omega_{0}-\omega, b_{0}-b)$ (3)
$A_{w}( \tilde{\omega},\tilde{b})=\int_{-\infty}^{\infty}w(\tau+\frac{\tilde{b}}{2})\overline{w(\tau-\frac{\tilde{b}}{2})}e^{-i\tilde{\omega}\tau}d\tau$ , (4)
$A_{w}$ $w$ (ambiguity function)
[1].
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2 Wigner
2.1
1932 Wigner $A$ (
- ) [2].
$P_{W}A(q,p)$ $=$ $\int_{-\infty}^{\infty}dre^{-ipr/\hslash}\langle x|A|x’\rangle,$ $(q= \frac{x+x’}{2}, r=x-x’)$ (5)
$= \int_{-\infty}^{\infty}dre^{-ipr/\hslash}\langle q+\frac{r}{2}|A|q-\frac{r}{2}\rangle$ (6)
$A$ $U(x)$
$\langle x|U|x’\rangle=U(x)\delta(x-x’)=U(q+\frac{r}{2})\delta(r)$ (7)
$P_{W}U(q,p)=U(q)$ $A$ $p$ $K(p$
$\langle x|K|x’\rangle=K(\frac{\hslash}{i}\frac{\partial}{\partial x})\delta(x-x’)$ (8)




( ) $A$ $\langle A\rangle$ $\rho$
$\langle A\rangle=Tr(A\rho)$ Wigner
$P_{W} \rho(q,p)=\int_{-\infty}^{\infty}dre^{-ipr/\hslash}\langle x|\rho|x’\rangle, (q=\frac{x+x’}{2}, r=x-x’)$ (9)
$\langle A\rangle = Tx(A\rho)$ (10)
$= \int_{-\infty}^{\infty}\int_{-\infty}^{\infty}dxdx’\langle x’|A|x\rangle\langle x|\rho|x’\rangle$ (11)







$H(p, x)= \frac{p^{2}}{2m}+U(x)$ (14)
1 ( )
$i \hslash\frac{\partial}{\partial t}\langle x|\rho(t)|x’\rangle=[-\frac{\hslash^{2}}{2m}(\frac{\partial^{2}}{\partial x^{2}}-\frac{\partial^{2}}{\partial x^{2}})+U(x)-U(x’)]\langle x|\rho(t)|x’\rangle$ (15)
Wigner (Liouville )




1948 Ville Wigner [3]. Wigner




$P_{W}f(q,p) = \int_{-\infty}^{\infty}dre^{-ipr/\hslash}\langle x|f\rangle\langle f|x’\rangle$ (17)
$= \int_{-\infty}^{\infty}dre^{-ipr/h}f(x)\overline{f(x’)}$ (18)
$=$ $\int_{-\infty}^{\infty}$ $e^{-ipr/ }f(q+ \frac{r}{2})\overline{f(q-\frac{r}{2})}$ (19)
$q,$ $r$ $X,$ $X’$
$q= \frac{x+x’}{2}, r=x-x’$ (20)
Wigner-Ville $\hslash=1$
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Wigner-Ville $f(x)\in L^{2}(\mathbb{R})$ 2 [3, 4].








$\int_{-\infty}^{\infty}P_{W}f(b, \omega)db = |f(\omega)|^{2},$ , (23)
$\int_{-\infty}^{\infty}P_{W}f(b, \omega)d\omega = |f(b)|^{2}$ , (24)
$f(x)$ $suppf$
$suppP_{W}f(\bullet, \forall\omega)\subset suppf$ (25)
$f(\omega)$ $supp\hat{f}$











(23)(24) Hermite2 $P_{W}f(\omega, b)$
(Wigner). [-1, 1] 1 $[-1,1](X)$
$f(x)$






































$\frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}P_{C}f(b, \omega)dbd\omega=\Vert f\Vert^{2}$ , (38)
3.6
$|T(a, b)|^{2}= \frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}P_{W}\psi(\frac{b’-b}{a}, a\omega’)P_{W}f(b’, \omega’)d\omega’db’$ (39)
(scalogram) $\psi$
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(39) $P_{W}\psi((b’-b)/a, a\omega’)$ $\hat{\phi}((b’-b)/a, a\omega’)$
$P_{A}f(a, b)$
$P_{A}f(a, b) = \frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\hat{\phi}(\frac{b’-b}{a}, a\omega’)P_{W}f(b’, \omega’)d\omega’db’$ (40)
$= \frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{i\tilde{\omega}b}\phi(\begin{array}{ll} \sim a\tilde{\omega} \frac{b}{a}\end{array})A_{f}( \tilde{\omega},\tilde{b})d\tilde{b}d\tilde{\omega}$ (41)
( $\phi$ $\hat{\phi}$ ).
3.7 Cohen
Cohen $\phi(\tilde{\omega},\tilde{b})$
$\phi(\begin{array}{ll} \sim a\tilde{\omega} \frac{b}{a}\end{array})=\phi(\tilde{\omega},\tilde{b})$ , $\phi(\tilde{\omega},\tilde{b})=g(\tilde{\omega}\tilde{b})$ (42)
( )
$\Phi(\tilde{\omega},\tilde{b})=g(\tilde{\omega}\tilde{b})e^{-i\omega_{0}\tilde{b}}$ (43)
$\Phi(\begin{array}{ll} \sim a\tilde{\omega} \frac{b}{a}\end{array})=g(\tilde{\omega}\tilde{b})e^{-i\omega_{0}\tilde{b}/a}=\phi(\tilde{\omega},\tilde{b})e^{-i\omega_{0}\tilde{b}}$ (44)
$P_{C}f(b, \omega)=\frac{1}{2\pi}\int_{-\infty}^{\infty}e^{i\tilde{b}(\omega 0/a-\omega)(\tilde{v}}+ibA_{f}(\tilde{b},\tilde{\omega})\Phi(\begin{array}{ll} \sim a\tilde{\omega} \frac{b}{a}\end{array})d \tilde{b}d\tilde{\omega}$ (45)










$P_{H}\rho(p, q)=\langle\Psi_{p,q}|\rho|\Psi_{p,q}\rangle\geq 0$ (48)
Husimi Husimi
2 Wigner-Ville




$= \int_{-\infty}^{\infty}\int_{-\infty}^{\infty}dq’dp’2\exp[-\frac{1}{\alpha}(q-q’)^{2}-\frac{\alpha}{\hslash^{2}}(p-p’)^{2}]P_{W}f(p’, q’)$ (52)







[6, 7, 8]. Schr\"odinger





$\dot{\iota}\frac{\partial}{\partial t}A-\frac{\partial^{2}}{\partial x^{2}}A-|A|^{2}A=0$ (55)
$A(x, t)$
$C(x, r, t)=\langle A(x_{1}, t)A^{*}(x_{2}, t)\rangle$ (56)
$= \langle A(x+\frac{r}{2}, t)A^{*}(x-\frac{r}{2}, t)\rangle$ (57)
(58)
$x=(x_{1}+x_{2})/2,$ $r=x_{2}-x_{1}$
$i \frac{\partial}{\partial t}C-(\frac{\partial^{2}}{\partial x_{1}^{2}}-\frac{\partial^{2}}{\partial x_{2}^{2}})C-\langle A^{2}(x_{1})A^{*}(x_{1})A^{*}(x_{2})\rangle+\langle A^{2}(x_{2})A^{*}(x_{2})A^{*}(x_{1})\rangle=0$
(59)
$\langle A^{2}(x_{1})A^{*}(x_{1})A^{*}(x_{2})\rangle=2\langle A(x_{1})A^{*}(x_{1})\rangle\langle A(x_{1})A^{*}(x_{2})\rangle$ , (60)
$\langle A^{2}(x_{2})A^{*}(x_{2})A^{*}(x_{1})\rangle=2\langle A(x_{2})A^{*}(x_{2})\rangle\langle A(x_{2})A^{*}(x_{1})\rangle$ (61)





$P_{W}A(x, \omega, t)=\int_{-\infty}^{\infty}A(x+\frac{r}{2}, t)A^{*}(x-\frac{r}{2}, t)e^{-i\omega r}dr$ (63)
Wigner-Ville
$W(x, \omega, t)=\langle P_{W}A(x, \omega, t)\rangle=\int_{-\infty}^{\infty}C(x, r, t)e^{-i\omega r}dr$ (64)
Wigner-Ville
[9].
$\frac{\partial}{\partial t}W-2\omega\frac{\partial}{\partial x}W-[4$ sm $( \frac{1}{2}\frac{\partial^{2}}{\partial\omega\partial x})W(x,\omega, t)C(x’, 0, t)]_{x=x}=0$ , (65)
$C(x’, 0, t)= \frac{1}{2\pi}\int_{-\infty}^{\infty}W(x’, \omega, t)d\omega$ (66)
4.4
Wigner-Ville
$W(\omega, x, t)=W_{0}(\omega)$ (67)
$W(\omega, x, t)=W_{0}(\omega)+W_{1}(\omega, x, t)$ (68)
$W_{1}$
$\frac{\partial}{\partial t}W_{1}-2\omega\frac{\partial}{\partial x}W_{1}-[(4sn\frac{1}{2}\frac{\partial^{2}}{\partial\omega\partial x})W_{0}(\omega)C_{1}(x’, 0, t)]_{x=x}=0$ , (69)
$C_{1}(x’, 0, t)= \frac{1}{2\pi}\int_{-\infty}^{\infty}W_{1}(\omega, x’, t)d\omega$ (70)
$x$ Fourier
$W_{1}(\omega, x, t)=\hat{W}_{1}(\omega, t)e^{i\gamma x}$ (71)
$\frac{\partial}{\partial t}\hat{W}_{1}-2ik\omega\hat{W}_{1}=2ik\eta(\omega)\int_{-\infty}^{\infty}\hat{W}_{1}(\omega, t)d\omega$ , (72)
$\eta(\omega)=\frac{1}{\gamma}[W_{0}(\omega+\frac{\gamma}{2})-W_{0}(\omega-\frac{\gamma}{2})]$ , (73)
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